Abstract. In this paper we investigate the Cohen-Macaulay property of graphs versus girth. In particular, we classify Cohen-Macaulay graphs of girth at least five and planar Gorenstein graphs of girth four.
Introduction
In this paper, all graphs will be assumed to be simple (i.e., a finite, undirected, loopless and without multiple edges). For a graph G we denote V (G) and E(G) to be the vertex set and the edge set of G, respectively.
Let R = k[x 1 , . . . , x n ] be a polynomial ring of variables x 1 , . . . , x n over the field k. Let G be a graph with V (G) ⊆ {x 1 , . . . , x n }. We associate to the graph G a quadratic squarefree monomial ideal
which is called the edge ideal of G. G is called a Cohen-Macaulay graph (resp. Gorenstein) if the edge ideal I(G) is Cohen-Macaulay (resp. Gorenstein). Two vertices u, v of G are adjacent if uv is an edge of G. An independent set in G is a set of vertices no two of which are adjacent to each other. An independent set of maximum size will be referred to as a maximum independent set of G, and the independence number of G, denoted by α(G), is the cardinality of a maximum independent set in G. An independent set S in G is maximal (with respect to set inclusion) if the addition to S of any other vertex in the graph destroys the independence. A graph is called well-covered if every maximal independent set has the same size (see [P1] , [P2] ).
If G is Cohen-Macaulay, then G is well-covered by [Vi, Proposition 6.1.21] . Characterize combinatorial Cohen-Macaulay graphs is impossible because the Cohen-Macaulay property of graphs is dependent on the characteristic of the base field (see [Vi, Exercise 5.3.31] ). Then, the work on Cohen-Macaulay graphs now has focused on certain class of graphs as: chordal graphs, bipartite graphs and so on (see [HH1] , [HHZ] , [MKY] , [W1] , [W2] ). In here, we will give a combinatorial classification all CohenMacaulay graphs in some new classes.
The girth of a graph G, denoted by girth(G), is the length of any shortest cycle in G or in the case G is a forest we consider the girth to be infinite. If X ⊆ V (G), then G[X] is the subgraph of G spanned by X. By G \ W , we mean the induced subgraph G[V \ W ] for some W ⊆ V (G). The neighborhood of a vertex v of G is the set N G (v) = {w | w ∈ V (G) and vw ∈ E(G)}, and let N G [v] = N G (v) ∪ {v}; if there is no ambiguity on G, we use N(v) and N [v] , respectively.
A vertex v of G is said to be simplicial if the induced subgraph of G on the set N[v] is a complete graph and we say this complete graph to be a simplex of G. A 5-cycle C 5 of a graph G is called basic, if C 5 does not contain two adjacent vertices of degree three or more in G (see [FHN1] ). We call a 4-cycle C 4 basic if it contains two adjacent vertices of degree two, and the remaining two vertices belong to a simplex or a basic 5-cycle of G. A graph G is in the class SQC, if V (G) can be partitioned into three disjoint subsets S, Q, and C: The subset S contains all vertices of the simplexes of G, and the simplexes of G are vertex disjoint; the subset C consists of the vertices of the basic 5-cycles and the basic 5-cycles form a partition of C; the remaining set Q contains all vertices of degree two of the basic 4-cycles. The class SQC is a subclass of the class of well-covered graphs (see [RV] ). The first main result of the paper, Theorem 2.3, proves that all graphs in the such class are vertex decomposable. Together this result and results of Finbow, Hartnell and Nowakowski about characterizing well-covered graphs with girths at least 5 ( [FHN1] ) and wellcovered graphs in which triangles are allowed, but which have no 4-cycles nor 5-cycles ( [FHN2] ), we also can combinatorially characterize all Cohen-Macaulay graphs of girth at least five and Cohen-Macaulay graphs of girth three having no 4-nor 5-cycles (see Theorem 3.1 and 3.3).
A well-covered graph is called 1-well-covered if and only if the deletion of any point from the graph leaves a graph that is also well-covered. A well-covered graph is in the class W 2 if and only if any two disjoint independent sets in the graph can be extended to disjoint maximum independent sets. Staples [Sp] showed that a well-covered graph is 1-well-covered if and only if it is in the class W 2 . Pinter [Pi1] characterized the planar graphs of girth 4 in the such class. Using this result, we also can classify all Gorenstein planar graphs in this class (Theorem 3.10).
The paper consists of three sections. In section 1, we set up some basic notations, terminologies for the simplicial complex and the graph. Section 2 is devoted to prove that all graphs in the class SQC are vertex decomposable. In the last section, we will prove the main results Theorem 3.1, 3.3 and 3.10.
Preliminaries
For the detailed information about combinatorial and algebraic background we get from [S] , [HH] and [Vi] . We also will use some notation on graphs according to [D] . Let ∆ be a simplicial complex on {x 1 , . . . , x n }. The Stanley-Reisner ideal of the simplicial complex ∆ is a squarefree monomial ideal
The k-algebra k[∆] = R/I ∆ is called the Stanley-Reisner ring of ∆. We say that ∆ is Cohen-Macaulay (resp. Gorenstein) (over k) if k[∆] is Cohen-Macaulay (resp. Gorenstein). The dimension of a face F ∈ ∆ is dim F = |F | − 1, where |F | stands for the cardinality of F , and the dimension of ∆ is dim ∆ = max{dim F | F ∈ ∆}. A simplicial complex ∆ (not necessarily pure) is recursively defined to be vertex decomposable if it is either a simplex or else has some vertex v so that:
(1) both ∆ \ v and lk ∆ v are vertex decomposable, and (2) no face of lk ∆ (v) is a facet of ∆ \ v. Vertex decompositions were introduced in the pure case by Provan and Billera [PB] and extended to non-pure complexes by Björner and Wachs in [BW, Section 11] . Now, let G be a simple graph and ∆(G) the set of all independent sets in G. Then ∆(G) is a simplicial complex and is the so-called the independence complex of G. Note that I(G) = I ∆(G) and dim(∆(G)) = α(G) − 1. A graph is called a vertex decomposable graph if so is its independence complex. In order to study the vertex decomposability of a graph, it suffices to study the vertex decomposability of every its component. 
. We will use the following to check the vertex decomposable property of a graph.
Lemma 1.2 (W1, Lemma 4). A graph G is vertex decomposable if G is a totally disconnected graph (with no edges) or if it has some vertex v so that:
(1) G \ v and G v are both vertex decomposable, and (2) no independent set in G v is a maximal independent set in G \ v.
A class of vertex decomposable graphs
Recall that a 5-cycle C 5 of a graph G is called basic, if C 5 does not contain two adjacent vertices of degree three or more in G; a 4-cycle C 4 is called basic, if it contains two adjacent vertices of degree two, and the remaining two vertices belong to a simplex or a basic 5-cycle of G. A graph G is in the class SQC if there are simplicial vertices x 1 , . . . , x m ; basic 5-cycles C 1 , . . . , C s ; and basic 4-cycles Q 1 , . . . , Q t such that
and this forms a partition of V (G), where B(Q j ) is the set of two vertices of degree 2 of the basic 4-cycle Q j . Such the graph G is well-covered [RV, Theorem 3.1] . Moreover, since the proof of this result, we also have a formula to compute the cardinality of a maximum independent set of such the graph
The main result of this section says that all the graphs G in the class SQC are vertex decomposable. The proof is divided some steps. First, one can see that this assertion holds for well-covered simplicial graphs. A graph G is said to be simplicial if every vertex of G belongs to a simplex of G. Using a characterization due to Prisner, Topp and Vestergaard in [PTV, Lemma 2] , one can see that all well-covered simplicial graph belong to the class SQC.
Next, we will show that a graph is vertex decomposable if it belongs to the class SC. A simple graph G is called in the class SC if V (G) can be partitioned into two disjoint subsets S and C: the subset S contains all vertices of the simplexes of G, and the simplexes of G are vertex disjoint; the subset C consists of the vertices of the basic 5-cycles and the basic 5-cycles form a partition of C. Obviously, the class SC is a subclass of the class SQC.
Proof. We prove by induction on |V (G)|. If |V (G)| < 5, then G is simplicial. Therefore, our assertion is followed from Lemma 2.1.
If G is connected. Let C 1 , . . . , C s be basic 5-cycles and x 1 , . . . , x t simplicial vertices of G such that
form a partition of V (G). If s = 0, then the assertion is followed from Lemma 2.1. So, we may assume that s ≥ 1. Write C 1 = {xy, yz, zu, uv, vx} with deg
. . , C s are also basic 5-cycles of H and x 1 , . . . , x t , y, v are simplicial vertices of H. Clearly,
and this is a partition of V (H). In particular, H belongs to SC. Futhermore,
Since C 1 is a basic 5-cycle, so either z or u has degree 2. Assume that deg G (z) = 2, so that z is a simplicial vertex of L. Without loss of generality, we may assume that C 2 , . . . , C m are all basic 5-cycles which have vertices connect to x. Observe that C m+1 , . . . , C s are basic 5-cycles of L and x 1 , . . . , x t are simplicial vertices of L. For each i = 2, . . . , m, let c i be a vertex of C i that is incident with x in G. Let u i and v i be two adjacent vertices of c i in the cycle C i . It implies that u i and v i are two simplicial vertices of L (because their degree in G equal 2) and
Since α(H) = 2(s − 1) + (t + 2) = 2s + t and α(L) = 2(s − m) + 1 + 2(m − 1) + t = 2s + t − 1 = α(H) − 1, by Lemma 1.2, we have G is Cohen-Macaulay as required.
We now in position to prove the main result of this section.
Theorem 2.3. If G is a graph in the class SQC, then G is vertex decomposable. In particular, the such graph is Cohen-Macaulay.
Proof. We prove by induction on |V (G)|. If |V (G)| < 3, then G is a well-covered simplicial graph. It implies that G is vertex decomposable by Lemma 2.1.
Assume that |V (G)| ≥ 3. Let C 1 , . . . , C s be basic 5-cycles; x 1 , . . . , x t simplicial vertices; and Q 1 , . . . , Q m basic 4-cycles of G such that
and this is a partition of V (G), where B(Q j ) is the set of two vertices of degree 2 of the basic 4-cycle
Without loss of generality, we may assume that c ∈ V (Q i ) for i = 1, . . . , l and c / ∈
From definition, we distinguish two cases: Case 1: c belongs to only one of the basic 5-cycles of G, say 
and this is a partition of V (H). This follows H is in the class SQC and |V (H)| = |V (G)| − 1. Then, H is vertex decomposable by induction, as claimed. Moreover, we also obtain
We next claim that L = G c is vertex decomposable. It is clear that a 1 , . . . , a l are isolated vertices of L. It means that they are simplical vertices of L. As C 1 is a basic 5-cycle, so either y 1 or z 1 has degree 2 in G. Assume deg G (y 1 ) = 2. Then, deg L (y 1 ) ≤ 1 which implies that y 1 is a simplicial vertex of L.
Assume that each of Q l+1 , . . . , Q l+r has at least one vertex being adjacent with c; and every Q l+r+1 , . . . , Q m has no any vertices being adjacent with c. Write
Assume that each of C 2 , . . . , C p has at least one vertex being adjacient with c; and every C p+1 , . . . , C s has no any vertices being adjacent with c. For each i = 2, . . . , p,
By definition of the class
In summary, L has simplicial vertices
basic 5-cycles C p+1 , . . . , C s−1 ; and basic 4-cycles Q l+r+1 , . . . , Q m . Moreover,
and this is a partition of V (L). It implies that L is also in the class SQC. Hence,
Since |V (L)| < |V (G)|, also by induction, L is vertex decomposable. Using Lemma 1.2, G is vertex decomposable as required. Case 2: c belongs to only one of the simplices
In the same way as the proof of case 1, G is also vertex decomposable as required.
A vertex v of a graph G is called a cut vertex of G if G \ v has more components than G. A connected graph with no cut vertex is called a block. A block of a graph G is a subgraph of G which is itself a block and which is maximal with respect to that property. A graph G is called a block-cactus graph if every block is complete or a cycle. As a consequence of our theorem, one has the following characterization of Cohen-Macaulay block-cactus graphs which is independent of the field.
Corollary 2.4. Let G be a block-cactus graph. Then the following statements are equivalent:
(1) G is well covered and vertex decomposable.
(2) G is Cohen-Macaulay.
(3) G is in the class SQC.
Proof.
(1)=⇒(2) has known in more general statement (see [S] ).
(2)=⇒(3): It suffices to prove for connected block-cactus graphs. Now, if G is Cohen-Macaulay then G is a well-covered block-cactus graph. By [RV, Theorem 3.2] , G belongs to the class {4-cycle, 7-cycle} ∪ SQC. But, both of 4-cycle and 7-cycle are not Cohen-Macaulay, so G is in the class SQC.
(3)=⇒(1): If G is a block-cactus graph in the class SQC, then we are done by Theorem 2.3.
If every block of a connected bock-cactus graph G is a edge or a cycle, then G is called a cactus graph. Equivalently, G is a cactus graph if and only if it is connected and two cycles have at most one vertex in common. A 3-cycle is called basic if it contains at least one vertex of degree two. Note that a pendant edge in a graph is any edge incident with a vertex of degree 1. Now, Corollary 2.4 can restate more explicitly in a combinatorial way for Cohen-Macaulay cactus graphs as follows (see [MKY] ).
Corollary 2.5. Let G be a cactus graph. Then the following statements are equivalent:
(1) G is well covered and vertex decomposable. 
The Cohen-Macaulay Property versus girth
In this section, we characterize all Cohen-Macaulay graphs by their girths bases on the results due to Finbow, Hartnell and Nowakowski ([FHN1] , [FHN2] ), and Pinter [Pi1] . Recall that the girth of a graph G is the length of any shortest cycle in G. In a given graph G, let C(G) denote the set of all points which belong to basic 5-cycles. Denote by P (G) the set of vertices in G which are incident with pendant edges in G. G is said to belong to the class PC if V (G) can be expressed as P (G) ∪C(G), where P (G) ∩C(G) = ∅ and the pendant edges form a perfect matching of P (G). If uv is a pendant edge in G with deg(u) = 1, then N[u] = {u, v}. And then u is a simplicial vertex in G. This implies that the class PC is a subset of the class SQC.
The first main result of this section is the characterization of Cohen-Macaulay graphs of girth at least 5. Proof. If G is a Cohen-Macaulay graph, then G is well covered. By [FHN1] , we have either G is in the class PC or G is one of six exceptional graphs shown in Figure 3 .
Among six exceptional graphs above, only K 1 is Cohen-Macaulay. Therefore, G is either a vertex or in the class PC.
Conversely, if G is one vertex, then G is obviously Cohen-Macaulay. If G is in PC, then G is in SQC. By Theorem 2.3, G must be Cohen-Macaulay.
The following corollary is immediate. Next, we will characterize all Cohen-Macaulay graphs in which triangles are allowed, but have no 4-nor 5-cycles. In particular, in such the graphs no cliques of size greater than 3 can exist.
Theorem 3.3. Let G be a graph that contains neither 4-cycles nor 5-cycles. Then, the following conditions are equivalent:
(1) G is Cohen-Macaulay.
(2) There are simplicial vertices
partition of V (G). (3) G is a well-covered simplicial graph such that every simplicial vertex has degree
at most 3.
(1) =⇒ (2) Since G is a well-covered graph containing no 4-cycles nor 5-cycles, by [FHN2, Theorem 1.1], G is either a well-covered simplicial graph such that every simplicial vertex has degree at most 3 or one of two exceptional graphs C 7 and T 10 shown in Figure 4 . But both of C 7 and T 10 are not Cohen-Macaulay, so G satisfies the condition as in the second statement.
(2) ⇐⇒ (3) and (3) =⇒ (1) hold true by [PTV, Theorem 1] and Lemma 2.1.
Let U be a subset of the vertex set of a simplicial complex ∆. Let ∆ \ U = {F ∈ ∆ | F ∩ U = ∅} be a subcomplex of ∆. If U = {x}, then we write ∆ \ x stand for ∆ \ {x}. Define for ∆ on the vertex set V , core(V ) = {x ∈ V | st(x) = V } where st(x) = {F ∈ ∆ | F ∪ {x} ∈ ∆} and core(∆) = {F ⊆ core(V ) | F ∈ ∆}.
In [B] , the doubly Cohen-Macaulay simplicial complexes are introduced. A simplicial complex ∆ is called doubly Cohen-Macaulay (over k) if ∆ is Cohen-Macaulay (over k) and for every vertex x of ∆ the subcomplex ∆ \ x is also Cohen-Macaulay (over k) of the same dimension as ∆. It is well known that if ∆ is Gorenstein with core(∆) = ∆, then ∆ is doubly Cohen-Macaulay (see [S, Theorem II.5 .1]).
Recall that W 2 is the class of well-covered graphs G such that G \ x are well-covered with α(G) = α(G \ x) for all vertices x. Let G be a Gorenstein graph without isolated vertices, so that core(∆(G)) = ∆(G). Hence, ∆(G) is doubly Cohen-Macaulay. It follows that for all vertices x of G, ∆(G) \ x = ∆(G \ x) is Cohen-Macaulay with
This implies that G is in class W 2 .
Pinter [Pi1] constructed a infinite family of graphs by a recursive procedure as follows:
(1) Begin with the graph G 3 shown in Figure 5 ; (2) Given any graph G in the construction, let x and y be two adjacent points of degree 2 in G. Let u be the neighbor of x such that u = y. Then construct a new graph G ′ with precisely three more points than G as follows. Let the three new points be a, b and c. Now join a to x and b, b to c and c to u and y (see Figure 6 ). Let us denote this infinite family of graphs by G. Pinter proved the following result. In general, two graphs G and H are isomorphic, written G ∼ = H, if there are a bijection map ϕ :
. Although the graphs G and H are not identical, they have identical structures if they are isomorphic.
Definition 3.5. For every integer n ≥ 1, we define two graphs G n and H n as follows:
(1) G n is a graph with the vertex set {x 1 , . . . , x 3n−1 } and the edge set {x 1 x 2 , {x 3k−1 x 3k , x 3k x 3k+1 , x 3k+1 x 3k+2 , x 3k+2 x 3k−2 } k=1,2,...,n−1 , {x 3l−3 x 3l } l=2,3,...,n−1 } (2) H n = G n \ x 3n−1 . It means that V (H n ) = {x 1 , . . . , x 3n−2 } and
Roughly speaking, the family G is actually {G n } n≥3 . In fact, from the construction of G and Lemma 3.4, we will obtain the following. Let G be a connected graph in the class W 2 . Pinter [Pi2] proved that if G = K 2 or C 5 then girth(G) ≤ 4. Thus, connected Gorenstein graphs with girth at least 5 is one of three graphs K 1 , K 2 and C 5 . So the structure of connected Gorenstein graphs is non trivial only for the ones of girth ≤ 4. In the last theorem, we will give a complete characterization of a Gorenstein connected planar graph of girth 4. Recall that the union of graphs G and H is the graph G ∪ H with vertex set V (G) ∪ V (H) and edge set E(G) ∪ E(H). If G and H are disjoint, we refer to their union as a disjoint union, and generally denote it by G ⊔ H. Firstly, we have the following observation.
Remark 3.7. Let G be a simple graph G and a point x ∈ V (G). If both of G x and G \ x are well covered with α(G \ x) = α(G x ) + 1, then G is also well covered with
Secondly, we will prove the vertex decomposability of G n and H n .
Lemma 3.8. For all integers n ≥ 1, both of G n and H n are well covered and vertex decomposable with α(G n ) = α(H n ) = n. In particular, G n and H n are Cohen-Macaulay.
Proof. We will prove by induction on n. If n = 1 or n = 2, then our assertion holds true. If n ≥ 3, since H n \ x 3n−3 = G n−1 ⊔ {x 3n−2 }, so H n \ x 3n−3 is well covered and vertex decomposable with α(H n \ x 3n−3 ) = α(G n−1 ) + 1 = n by induction and Lemma 1.1. On the other hand, it is clear that (H n ) x 3n−3 = G n−2 ⊔ {x 3n−5 }. Also by induction and Lemma 1.1, (H n ) x 3n−3 is well covered and vertex decomposable with α((H n ) x 3n−3 ) = α(G n−2 ) + 1 = n − 1 = α(H n \ x 3n−3 ) − 1. Therefore, H n is well covered with α(H n ) = α(H n \ x 3n−3 ) = n (by Remark 3.7) and vertex decomposable (by Lemma 1.1).
Moreover, G n \ x 3n−1 = H n is well covered and vertex decomposable with α(G n \ x 3n−1 ) = n has done. On the other hand, one can check that (G n ) x 3n−1 ∼ = G n−1 . By induction, (G n ) x 3n−1 is vertex decomposable and α((G n ) x 3n−1 ) = n − 1. Thus, G n is vertex decomposable by Lemma 1.1. It is clearly that G n is well covered with α(G n ) = n which is complete the proof.
Next, one can see that I(G n ) 2 is Cohen-Macaulay for all integers n ≥ 1, as conjectured by G. Rinaldo, N. Terai and K. Yoshida [RTY, Conjecture 5.7] . The case n = 1 is known in [MT, Theorem 3.2] and the case n = 2 is also mentioned in [TrT, Theorem 3.8 (iv) ].
Proposition 3.9. For all integers n ≥ 1, I(G n ) 2 are Cohen-Macaulay.
Proof. Note that G n is a triangle-free graph, so I(G n ) 2 = I(G n ) (2) (see [SVV] or [RTY, Corollary 4.5] ). Therefore, it suffices to prove that I(G n ) (2) is Cohen-Macaulay. If n = 1 (resp. n = 2) then G n is an edge (resp. a pentagon). Thus I(G n ) (2) is Cohen-Macaulay.
If n ≥ 3, by Lemma 3.8 and [HMT, Theorem 2.3] , it is enough to prove that (G n ) xy is Cohen-Macaulay with α((G n ) xy ) = n − 1 for every edge xy ∈ E(G n ); where (G n ) xy stands for G n \ (N Gn (x) ∪ N Gn (y)). We distinguish six following cases:
Case 1:
Case 2: xy = x 3k−1 x 3k for some k = 1, . . . , n − 1. Observe that
where M = G n [{x 1 , . . . , x 3k−6 , x 3k−4 }] and N = G n [{x 3k+4 , . . . , x 3n−1 }].
In the three cases (1) − (3), using Lemma 3.8 and Lemma 1.1, we have (G n ) x 3k−1 x 3k is always Cohen-Macaulay with α((G n ) x 3k−1 x 3k ) = n − 1. In the last case, we define the map ϕ : V (H k−1 ) −→ V (M) as follows:
If k = 3 then ϕ(x i ) = x i for all i = 1, 2, 3 and ϕ(x 4 ) = x 5 . If k > 3 then ϕ(x i ) = x i for all i = 1, . . . , 3k − 9; ϕ(x 3k−8 ) = x 3k−6 , ϕ(x 3k−7 ) = x 3k−7 , ϕ(x 3k−6 ) = x 3k−8 ; and ϕ(x 3k−5 ) = x 3k−4 . Clearly, ϕ is an isomorphism of two graphs H k−1 and M. Therefore, M must be Cohen-Macaulay with α(M) = k−1 by Lemma 3.8. Similarly, we have a bijection map ψ : V (G n−k−1 ) −→ V (N) is defined by ψ(x i ) = x 3k+3+i for all i = 1 . . . , 3n−3k −4. So G n−k−1 ∼ = N. Using again Lemma 3.8, N is Cohen-Macaulay with α(N) = n − k − 1. Thus, (G n ) x 3k−1 x 3k is Cohen-Macaulay with α((G n ) x 3k−1 x 3k ) = (k − 1) + (n − k − 1) + 1 = n − 1.
By the same argument, we will obtain the following.
Case 3: xy = x 3k x 3k+1 for some k = 1, . . . , n − 1. Then,
Case 4: xy = x 3k+1 x 3k+2 for some k = 1, . . . , n − 1. Then, (G n ) x 3k+1 x 3k+2 ∼ = H k−1 ⊔ H n−k−1 ⊔ {x 3k−1 }.
Case 5: xy = x 3k+2 x 3k−2 for some k = 1, . . . , n − 1. Then, (G n ) x 3k+2 x 3k−2 ∼ = G k−1 ⊔ G n−k−1 ⊔ {x 3k }.
Case 6: xy = x 3k x 3k−3 for some 2 ≤ k ≤ n − 1. Then, (G n ) x 3k+2 x 3k−2 ∼ = G k−1 ⊔ G n−k−2 ⊔ {x 3k−5 } ⊔ {x 3k+2 }.
From six cases above, for every edge xy ∈ E(G n ), we always obtain that (G n ) xy is Cohen-Macaulay with α((G n ) xy ) = n − 1 which completes the proof.
Finally, one can see that the class of connected planar Gorenstein graphs with girth 4 is exactly G. Proof. If G is Gorenstein, then G is in the class W 2 (note that G has no isolated vertecies). Using Lemma 3.4, G is a member of family G.
Conversely, if G is a member of G, we may assume that G = G n for some n ≥ 3. Because of Proposition 3.9, I(G n ) 2 is Cohen-Macaulay over any field k. Hence, by [RTY, Theorem 2 .1], one has G n must be Gorenstein as required. 
